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Nomenclature

Biot number, hl/k
heat transfer coefficient, W/m? °C
thermal conductivity, W/m °C
= nondimensional parallelepided length

(base to tip), L'/
= parallelepipedlength (base to tip), m
one-half parallelepiped height at the base, m
heat loss from a parallelepiped, W
temperature, °C
base temperature, °C
ambient temperature, °C
nondimensional one-half parallelepiped width, w’/[
one-half parallelepiped width, m
= nondimensionallength directional variable, x'/[
length directional variable, m
nondimensional height directional variable, y'//
height directional variable, m
nondimensional width directional variable, z'/{
width directional variable, m
nondimensional temperature, (T — T, /(T,, — T,)
adjusted temperature, (T, — o)
eigenvalues;n=1,2,3, ...
eigenvalues;m =1,2,3, ...
eigenvalues, /(A2 + p2)
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Subscripts

upper surface
lower surface
left surface
right surface

= tip
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I. Introduction

HE classical shape of a parallelepiped has been considered in
almost all advanced conduction heat transfer texts. However,
the existing solutions are for special cases, for example, T = T, on
one surface and 7' =0 on all others. The more general problem, the
case of convection from five of the six surfaces, would have partic-
ular application to fins. Hence, because the primary application of
this shape would appear to be fins, this discussion will be directed at
fins even though the presentedsolution will be applicablein general.
Fins are widely used to enhance the rate of heat transfer to a sur-
rounding fluid in various industrial applications such as the cooling
of combustion engines, electronic equipment, and various kinds of
heat exchangers. As a result, a great deal of attention has been di-
rected to fin problems. Various shapes of fins have been studied,
including rectangular fins,' =3 rectangular profile circular fins,* tri-
angular fins,>® and trapezoidal fins.”® Finally in Refs. 9 and 10,
there is inclusion of consideration of annular fins. Usually most of
these studies assume that the heat transfer coefficients for all sur-
faces of the fin are the same constant, and most of them are analyzed
using a one- or two-dimensional approach. No literature seems to
be available that presents an analysis for a three-dimensional rect-
angular parallelepiped geometry, applicable to a fin, with unequal
heat transfer coefficients on all of the surfaces.

This Note presents a three-dimensional analysis of a thermally
asymmetric rectangular geometry. In this study Biot number Bi, is
equal to or larger than Biot number Bi,; Biot number Bi; is equal
to or larger than Biot number Bi,, and Biot number Bis has var-
ious values. The nondimensional heat losses are investigated as a
functionof L, w, and Biot numbers Bis and Bi,/Bi, using the sep-
aration of variables method in three dimensions. Some comparisons
of 0 for thermally asymmetric conditions, and that for thermally
symmetric conditions are made. Further, for arbitrary values of the
L and the Biot numbers, the relation between the L and Biot num-
bers Bi,/Bi, for equal amounts of heat loss are shown. Finally,
the relation between the w and Biot numbers Bi,/Bi, for equal
amounts of heat loss is presented. For simplicity, the root tempera-
ture and the thermal conductivity of the fin material are assumed to
be constant under steady-state operation.

II. Three-Dimensional Analysis
The geometry of a three-dimensionalrectangularfin with all sur-
faces possessingdifferentheat transfercoefficientis shownin Fig. 1.
The normalized form of the three-dimensional governing differen-
tial equation for steady-state conditions is
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The six boundary conditions, which are required to solve Eq. (1) are

=1 at x=0 2)
a0 .
— 4+ Bis-6=0 at x =1L 3)
0x
20
—+Bi,-6=0 at y=1 4)
ay
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Fig. 1 Geometry of a three-dimensional thermally asymmetric rect-
angular fin.

a0 .

— —Bi,-6=0 at y=-1 (5)
ay

a0

— +Bi;-6=0 at z=w 6)
0z

a0

— —Bi,-6=0 at z=—-w 7)

0z

Please note that the uneven convection conditions (the five different
h values) are handled through the Biot numbers and that the geom-
etry presented as Fig. 1 dictates the signs in Egs. (5) and (7). The
form of the solutionfor the nondimensionaltemperaturedistribution
0(x, y, z) within the fin is

0, 7. = Y Y Nuw- i) L) ) ®)
n=1m=1
where

_4sinA, -sin(u, - w)

Num 9

fl (X) = COSh(IOnm : X) - Cnm : Sinh(lonm : X) (10)

C — Pum* tanh(lonm . L) + Bli (11)
e Pnm + Bli ° tanh(lonm ° L)

pum =/ (A2 + 122 (12)

f2(y) = cos(h, - y) + A, - sin(h, - y) (13)

f3(2) = cos(im + 2) + By - sin(iuy, - 2) (14)

In the limit this solution reduces to those special cases presented in
Refs. 10-12. Equation (15) was derived using the boundary condi-
tion of Eq. (4), whereas Eq. (16) comes from Eq. (6). Thus,

An - tan i, — Bi,
= (15)
A, + Bi, -tana,
m -t mw)— Bi
o tanGuy - w) = Bis 06

B Mm + Bl’% : tan(ﬂm : w)

Finally, f, and g,, appearingin Eq. (9) can be written as

fo =+ 3sin@2,) + A2 {%, — Lsin(21,)} (17)

+Bi~{um-w—%sin(um~w)} (18)

The eigenvalues A, obtained from Eq. (19) [whichis derived from
Eq. (15)] are based on the boundary condition of Eq. (5) and relates
the top and bottom surfaces conditions:

Ap - SinA, — Bij - cosh, _ Bi, - cosA, — A, -sinA,
Ay - COSA, + Bi -sini, A, -cosh, + Bi,-sin,

(19)

Similarly, the eigenvalues p,, obtained from Eq. (20) [which is de-
rived from Eq. (16)] are based on the boundary condition of Eq. (7)
and relates the right- and left-side surfaces conditions:

M - Sin(fy, - w) — Biz - cos(y - w)
M - €OS(fy - W) + Bis - sin(iy, - w)

_ Biy-cos(py - w) = py - sin(py - w) (20)
Tl - COS( - W) + Biy - sin(ityy - w)

With the temperature profile, the heat loss from the fin is obtained
by evaluating Fourier’s law at the root. Thus,

[ _4iiN c sin}, sin(u,, - w) @1
kl@o - bt nm pnm nm A_n Mm
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Fig. 2 Nondimensionalheatloss vs L in the case of Bi; = Biz = Bis =0.01
for a) w=0.5 and b) w=10.
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III. Results and Discussion

For Figs. 2-6, the selected values of the parameters are charac-
teristic of the use in fins. However, recall that the solution presented
is true in general.

Figure 2 presents the nondimensional heat loss from a thermally
asymmetric rectangular fin vs L for Bi; = Bi; = Bis;=0.01 and
three cases of the ratios of Biot numberratios Bi,/Bi and Bi,/Bij.
These values were arbitrarily chosen, and the average of these
Biot numbers ratios for these three cases are equal. Note that in
Fig. 2a the heat loss for Bi,/Bi; =0.8, Bi,/Bi; =1.0 is the high-
est, whereas that for Bi,/Bi, =1.0, Biy/Bi;=0.8 is the lowest,
and the difference between these values becomes larger as L in-
creases. Figure 2b indicates that the heat losses in case of w =10
are larger than for w =0.5, and the trends for heat loss are some-
what similar for both values of w. However, the heat loss for w = 10
and Bi,/Bi; =0.8, Bi,/Bi; = 1.0 is the lowest, whereas that for
Bi,/Bi, =1.0, Bi,/Bi; =0.8 is the highest, and this phenomenon
is not unexpected because the fin has wide top and bottom surfaces.

Figure 3 shows the same sort of relationship as presented in
Figs. 2, butas a functionof w in the case of Bi; = Bi; = Bi5; =0.01
and L =20. The heat losses increase linearly as w increases, and
the value for Bi,/Bi; =0.8, Biy/Bi; =1.0 is the lowest, whereas
that for Bi,/Bi,; = 1.0, Bi4/Bi; = 0.8 is the highestin the range of
w> 1.
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V4
— Bi2/Bi1=0.9, Bis/Bi; =0.9 4
35F - - - Bip/B=08, Biyfi;=10 ’
— — Bi:/Biy=1.0, Bis/Bi; =08
281
=
S 21
141
07
0.0 L L 1 L L
0 2 4 6 8 10

Fig. 3 Nondimensional heat loss vs w for L =20 and Bi; =Bi; = Bis =
0.01.
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Fig. 4 Nondimensional heat loss vs Bis for w=0.5, L=5, Bi; =0.01,

and Bi; =0.02.

TECHNICAL NOTES

Table 1 Ratio of temperatures at various position for thermally

asymmetric case compared to symmetric case®

z=0.5 z=0 z=-0.5
X y=1 y=-1 y=1 y=—1 y=1 y=—1
0.1 98.92 100.76 99.08 100.92 99.24 101.08
1 98.63 100.49 99.08 100.95 99.54 101.41
2 98.62 100.49 99.10 100.97 99.58 101.46
3 98.64 100.50 99.12 100.99 99.60 101.48
4 98.65 100.51 99.13 101.01 99.61 101.50
5 98.66 100.53 99.14 101.01 99.62 101.51

*Here 0 for Bi; = Bi3 =0.11, Bis = Bi4 =0.09, and Bis =0.1/6 for

Bi(sym) = Z M
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Fig. 5 Relation between L and Biot number ratio Bi/Bi; for equal

amounts of heat loss based on Biy =Bi3 =Bis; =0.01 and w =0.5.
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Fig. 6 Relation between w and Biot number ratio Bi,/Bi; for equal
amounts of heat loss based on Bi; =Bi3 =Bis;=0.01 and L =5.

Figure 4 presents the nondimensional heat loss vs Biot num-
ber Bs for Bi; =0.01, Bi; =0.02, w =0.5, and L = 5. Notice that
when Biot number Bij; is larger than Biot number Bi, heat loss for
Bi,/Bi; =0.8, Biy/Bi; =1.0 is the highest for the given range of
Biot number Bis. Furthermore, the heat losses for all three cases
increase continuously as Biot number Bis increases.

Table 1 lists theratio of temperatures at various positionsin and on
the fin surfaces for a thermally asymmetric case and the thermally
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symmetric case when L =5 and w =0.5. The value of the sym-
metric case Biot number is the average of the Biot numbers in the
asymmetric case. As expected, the temperature ratio along the fin
length is the lowest at y=1, z=0.5 and is the highestat y =—1,
z=-0.5.

The relationships between L and Biot number ratio Bi,/Bi, for
equal amounts of heat loss based on Bi; = Bi; = Bis =0.01 and
w =0.5 are shown in Fig. 5. The trends of L with Biot number
ratio Bi,/Bi have negative slopes for the three cases of Biot num-
ber ratio Bi,/Bij illustrated. Furthermore, Fig. 5 shows that the
slope becomes more negative as the Biot number ratio of Bi,/Bi;
decreases. Figure 6 presents the relationships between the w and
Biot number ratio Bi,/Bi, for equal amounts of heat loss based
on Bi; = Bi; = Bi; =0.01 and L = 5. The value of w decreases as
Biot number ratio Bi,/Bi, increases. When Fig. 6 is compared to
Fig. 5, the slope of Fig. 6 becomes more negative as Biot number
ratio Bi,/Bi; decreasesbut the difference between both values, that
is, Biy/Bi; =15 and 1, are relatively small.

IV. Conclusions

The following conclusions can be drawn from these results.

1) Heatloss increasesnonlinearly as fin lengthincreases, whereas
itincreases linearly as fin width increases.

2) When the average of the Biot number ratios Bi,/Bi, and
Bi4/Bi; are the same, there is more heat loss in the case of asym-
metric top to bottom and symmetric right to left than vice versa
when w is small, and this relationship reverses as w increases. The
crossover point appears to be approximately w = 1, which repre-
sents the dimensionally invariant point w’ = 1.

3) The fin length and width must decrease as Biot number ratio
Bi,/Bi, increases to produce equal amount of heat loss and the
slope increases as Biot number ratio Bi,/Bi; decreases.
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Introduction

T is well known that the chemical equilibrium of a multicompo-

nent system is characterized by the minimization of thermody-
namic functions such as internal energy U, enthalpy H, Helmholtz
potential F, and Gibbs potential G

(dU)sy = (dH)5, = dF)ry =@dG)r,= Y u;dN;=0 (1)

i

where ; is the molar chemical potential defined as

oU oH
w=law ). =law
i/ S VN2 i/ S.p.Njgi
oF 0G
“(w).,, (&) ©
ST VNjzi P T pNj i

The same characterizationcan be achieved by resorting to the max-
imization of the entropy and the relative entropic potentials.! The
equivalence of the different formulations should appear clear from
Eq. (1). Nevertheless, some misunderstandingsappear in the litera-
ture because the thermodynamic constraints [subscriptsin Eq. (1)]
are most often considereda consequenceof the physical transforma-
tion followed by the system toward the finale state of equilibrium,
rather than a virtual mathematical procedure. In this regard, the
chemist favors the minimization of the Gibbs potential whereas the
physicistis more used to minimizing the Helmholtz potential, with-
outfully perceivingthat, within a specific equilibriumproblem, both
criteria yield the same equilibrium conditions. On the other hand,
thermodynamicstextbooksalso show that the gas-phaseequilibrium
constants K ,, K, ..., are connected by simple relations such as

K, = exp(—~Au°/RT) = K. - (RT)* = --- 3)

InEq. (3), K, and K. are the equilibrium constants in terms of par-
tial pressures and concentrations, Au° is the reaction standard free
energy, and Av is the difference between the sums of the stoichio-
metric coefficients of the products and the reactants, respectively.
Researchers, therefore, use either K, or K, regardless of the trans-
formationthat the system undergoes;as a matter of fact, they use the
minimization of any one of the thermodynamic functions appearing
in Eq. (1), in flagrant contradiction with the textbooks that stress
the importance of using the different constants according to the
particular transformation that the system experiences. In particular,
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